The secular evolution of a collisional star cluster of N-'point' stars have been conventionally discussed based on cumulative two-body relaxation process. The relaxation process requires a cut-off on the range of two-body encounter between stars in physical space and the relaxation time is characterized by Coulomb logarithm ln[N]; the conventional cut-off on the encounter distance in the literature gives "dominant" effect. In addition, incorrect cut-offs exposed a mathematical "infinite-density" problem in the late stage of core-collapse.
INTRODUCTION
A general point of view to understand statistical dynamics of dense star clusters is to introduce the effect of 'discreteness' of the clusters. The discreteness means the finiteness of total number N of stars in a dense star cluster, say N ≈ 10 5 ∼ 10 7 . In the present paper, the system of concern is collisional star clusters, e.g. globular clusters and collisional nuclear ⋆ E-mail: yito@gradcenter.cuny.edu star clusters without super massive black holes. As a first approximation (N → ∞), the system can be assumed smooth and its evolution is dominated by a self-consistent mean field (m.f.) potential. The effect of m.f. potential is of significance on a few of dynamical-time scales and may freeze the system into a quasi-stationary state due to rapid fluctuations in m.f. field potential (i.e. violent relaxation). The evolutions of long-lived star clusters might have been driven by less probable relaxation process, two-body close encounters (e.g. Goodman 1983 Goodman , 1984 ), and 'slow' many-body relaxations, statistical acceleration of stars and gravitational polarization (Gilbert 1968) , in addition to the effect of m.f. potential 1 .
The most fundamental relaxation process in the evolution of collisional star clusters is arguably the statistical acceleration that stands for a non-collective relaxation and mathematically modeled by generalized Landau kinetic equation (Kandrup 1981a; Chavanis 2013) . The statistical acceleration originates from the deviation of the actual force on 'test' star due to (N − 1)-'field' stars from the smooth force due to the m.f. potential (Kandrup 1988) . The statistical acceleration may be considered in association with the effect of stochastic many-body encounters (Kandrup 1981b) . Conventionally, the effect of many-body encounters approximately gives place to that of cumulative two-body encounters between stars (Chandrasekhar 1942) . While the cumulative two-body encounters become more probable on largerspace scales due to the long-range nature of Newtonian pairwise potential, the statistical acceleration becomes greater in magnitude on smaller scales. This implies the relaxation effects on intermediate-space scales are of significance in evolution of the system. As a matter of fact, the basic assumption made in use of stochastic kinetic equations 2 is that 'test' star does not approach a 'field' star closer than the Landau distance and not go away far from the system size. The cut-off on the range of effectve encounter-distance gives the follwoing estimation for the order of relaxation time(e.g. Ambartsumian 1938; Cohen et al. 1950; Spitzer 1988) 
.
( 1.1) where p max is the maximum parameter, a typical size of clusters (tidal radius, King radius, Jean length ...), and p min is the minimum impact parameter, the Landau distance (typically independent of relative velocity between two stars). The factor [ln N] stands for a parameter of relaxation time scale and corresponds with 'Coulomb logarithm'. The logarithm has been employed as a measure of 'finite-N' effect and many-body encounter (Aarseth & Heggie 1998 ) and the corresponding Fokker-Planck models have been a sucess in sense that it is a simple numerical method for stellar dynamics (Heggie & Hut 2003; Binney & Tremaine 2011) 1.1 A cut-off problem in use of kinetic theories
Since the stochastic kinetic theoreis do not self-consistently include the effects of inhomgeneity (even m.f. potential) and collective effects of star clusters, for correct treatment of the matter, one must resort to the first principles; BBGKY
1 The present work focuses on systems modeled by kinetics of one-body distribution function of stars ('point particles' interacting via pair-wise Newtonian forces), neglecting the effect of triple encounters and some realistic effects (gas/dust/dark-mater dynamics, stellar evolution, inelastic direct collisions, formation of stars and binaries, stellar mass distribution, ...) 2 The stochastic kinetic equations here mean collision-Boltzmann (Ipser & Semenzato 1983) , forward Komologouv-Feller (Kandrup 1980) , master (Heggie & Hut 2003; Binney & Tremaine 2011; Merritt 2013 ), Fokker-Planck (Hénon 1961 ) kinetic equations whose collision terms describe local two-body encounter in physical spaces with typically homogeneous background approximation.
hierarchy (Gilbert 1968; Gilbert 1971; Chavanis 2013) and Klimontovich-Dupree equation (Chavanis 2012) . The formulation based on the first principles shows a Coulomb Logarithm in relaxation time for local encounters but in term of wavenumber (e.g. Severne & Haggerty 1976; Kandrup 1981a; Chavanis 2013 )
( 1.2) where conventionally the following relations are assumed
Yet, the fundamental assumption, equation (1.1), made for stochastic kinetic theory has not been 'converted' into a self-consistent kinetic equation. The motivation for this work originates not only from the generalization work of the previous works but from some doubt for equations derived from stochastic kinetic theories and first principles. Use of stochastic kinetic equation allows one to employ typical m.f. potential that is smooth limitless in physical space; this is obviously inconsistent with the cut-off, equation (1.1). There are two kinds of test star exists in the system; a 'uncorrelated' test star can approach a field star limitlessly forming a m.f. potential while 'correlated' test star can not approach closer than the Landau distance to avoid close encounters. the outcome is the mathematical production of infinite density due to core collapse at the late stage of two-body relaxation evolution. On one hand, the equations derived based on the first principles also have a inconsistency. To find the relation (1.2) the previous works assumes that test star can approach field star limitlessly while this is against assumptions of weak-coupling approximation and to be cut-off on scales of the Landau distance.
The purpose of the present work is to derive based on a first principle a kinetic equation that correctly 'cut-off' the encounter distance in physical space and the resolve the inconsistence of the existing kinetic theories. To do so the basic 'target' of kinetic equation is the g-Landau kinetic equation. This is since the equation is known to correctly take into account the inhomogeneity effect and one does not have to assign cut-off on the maximum encounter-distance (Kandrup 1988; Chavanis 2013 ). Yet, one needs to assign a lower cut-off for the encounter distance. One can resort to the use of BBGKY hierarchy truncated DF invented by (Grad 1958 ) that can isolate a physical space where the short-range interaction between particles dominates from where weak-interaction occurs. The present work employes the truncated DF to cut-off the encounter-distance at Landau distance. This corresponds to a direct extension work of (Takase 1950) where the Holtsmark distribution of force fields are employed and the strong-two body encounters and the formation of binaries are neglected by truncating the DF at order of Landau distance, termed as 'rough approximation'.
The present paper is organized as follows. In section 2 the truncated DF and the BBGKY hierarchy are explained. In sections 3 the g-Landau kinetic equation for the truncated DF of stars for a weakly-coupled star cluster is derived. In section ?? the effect of cut-off on the m.f. potential and collision term, Coulomb logarithm, is discussed. Section 7 is Conclusion.
BBGKY HIERARCHY FOR TRUNCATED DISTRIBUTION FUNCTION AND NON-IDEAL THEORY
In section 2.1 truncated DF is arranged for finite system and in section 2.2 'weakly-coupled' DF is introduced to correctly includes the effect of cut-off on the interaction range of encounters. Section 2.5 shows the BBGKY hierarchies for the DFs.
Truncated distribution function
The truncated DF was originally introduced by Grad (1958) to derive the collisional Boltzmann equation for rarefied gases of particles interacting each other via short-range interaction of an effective potential distance △. In the outside of sphere of radius △ around test particle, one assumes no two-body interaction with a field particle occurs, or the pairwise potential is much weaker than the inside of the sphere. The deficiency of the truncated DF, being not symmetric about permutation between the states of two stars, was improved in (Cercignani 1972 (Cercignani , 1988 where the BBGKY hierarchies for the truncated DF of hard spheres and particles interacting via short-range pair potential were derived. The advantage of exploiting the truncated DF is three fold; (i) Among various derivations of the Boltzmann collision term, only the (Grad 1958 )'s method has a mathematically strict limit (Boltzmann-Grad limit); the ratio of particle size to the total particle numbers as proved in (Lanford 1981) and can avoid the mathematical divergence problem at the Nbody Liouville-equation level (ii) The (Grad 1958 )'s method allows one to derive a kinetic equation in spherical coordinates; one can discuss the effect of two-body encounters and the statistical acceleration in the same coordinates 3 (iii) Statistical dynamics of two-body encounter can be separated at r ij = △ from the deterministic Newtonian mechanics inside the Landau sphere (e.g. Cercignani 2008 ). An s-tuple truncated DF of stars may be defined as 4
The effective interaction range △ throughout the present paper is considered as the Landau radius r o defined by
and r o means the closest separation of stars in two-body 3 The wave kinetic theories are in general discussed in spherical coordinates in terms of relative displacement between two stars, while collision ones typically assumes cylindrical coordinates (Appendix ??). 4 Cercignani (1972 4 Cercignani ( , 1988 used the s-body (symmetric) jointprobability DF and the Boltzmann-Grad limit (N △ 2 → O(1) as N → ∞), meaning the small number s in the factor N ! ( N −s)! is less important, while stellar dynamics necessitate the small s to discuss the granularity. Accordingly, the formulas shown in the present work are slightly different from the Cercignanni's work due to the definition for DF.
encounter under dispersion approximation (See Appendix A3.1 for the detail definition.)
In equation (2.1) the F N is N-body joint-probability DF i.e. the phase-space probability density of finding stars 1, 2, · · · , N at phase-space points (r 1 , p 1 ), (r 2 , p 2 ), · · · and (r N , p N ) respectively at time t. The arguments {1, · · · , N } of the N-body DF F N are the position coordinates and momenta {r 1 , p 1 , · · · , r N , p N } of stars in the system. The Nbody DF is normalized as
where an abbreviated notation is employed for the phasespace volume elements, d 1 · · · d N (= dr 1 dp 1 · · · dr N dp N ). In addition, the function F N is assumed symmetric about a permutation between any two phase-space states of stars (Balescu 1997; Liboff 2003) . Equation (2.1) is in essence the same as the definition for the truncated DF used in (Cercignani 1972) though, it has a reduced form since the following s-body DFs is symmetric in permutation between two phase-space states of stars;
The s-tuple DF describes the probable number (phasespace) density of finding stars 1, 2, · · · , s at phase-space points 1, 2, · · · , s respectively. The domain of integration in equation (2.1) must be taken over the limited phase-space volumes Ω s+1, N defined by
For example,
6a) 6b) and refer to Appendix ?? for more detail discussion. The truncated s-tuple DF f △ s (1, · · · , s, t) is assumed symmetric about a permutation between two states. The truncated Table 1 . A schematic description of the truncated DF. Kinetic description for stars 1, 2, · · · , k, · · · , N follows the wave kinetic description unless one of stars enters the Landau sphere of another star while the collision kinetic description must be employed if any two stars approaches closer than the Landau radius.
single-and double-DFs explicitly read
where Θ(·) describes a Heaviside step function. Hence the truncated single (double) DF describes the probability not to find star 1 (star 1 or 2) around star 2 (star 3) within the region inside a sphere of radius △ (the Landau sphere) at time t. Despite of the mathematically strict definition for the truncated DFs, it does not have a straightforward physical meaning; one may resort to a simplification of the truncated DF 5 . Due to the shortness of the interaction range 5 In (Grad 1958; Cercignani 1972) , the interaction range essenof △ between two stars
the truncated single-and double-DFs can be approximated to
(2.9b)
The second terms on the R.H.S of equations (2.9a) and (2.9b) show the effect of discreteness on the DFs. One should be aware of the effect of discreteness on the truncated DF being associated with the randomness (fluctuation in the m.f. potential (Chandrasekhar 1943; Takase 1950) ) rather than that one generally discusses 6 . The obvious complication of the DFs, equations (2.9a) and (2.9b), may be comforted by excluding the possibility of triple encounter. In the Landau sphere of radius r 23 = △ or r 34 = △, any stars other than the stars of concern (stars 2 and 3 or stars 3 and 4 respectively) can not exist in the Landau sphere under the twobody encounter approximation. Hence, equation (2.9) can be reduced to
The fundamental idea of truncated DF is that the truncation of phase-space volume makes the system 'open' on small scales. This may be clearly understood if one takes the integral ∫ ·d 1 over equation (2.10a) and ∬
The total number N of stars described by the truncated DFs does not conserve since the DFs 'overlook' counting the probable number of stars in the Landau spheres(, which is useful only for binary formation and disruption/coalescence.). This obvious complication may be avoided by assuming two different assumptions. First, one may assume no star can approach another star than the Landau radius. Such stars will be termed weakly-coupled (WC) stars in the present paper. The WC stars are mathematically tially goes to zero due to the Boltzmann-Grad limit △ ∼ 1 √ N → 0 and the truncated DF is considered as a standard DF. 6 It is obvious in stellar dynamics that a strict definition for typical DF itself is difficult to achieve due to the 'discreteness' or granularity of the system in phase space (r, p). The 'discreteness' stands for 'sparse' physical infinitesimal elements of phase space (Spitzer 1988, pg. 9) ; what one can do is to take the DF in terms of integrals of motion and orbit-averaging it. defined in section 2.2 and applied to a star cluster in section 3. Second, one may also apply the 'test-particle' method 7 of (Kaufman 1960; Kandrup 1981a ) to be explained in later paper. The both of assumptions (WC-stars approximation or the 'test-particle' method) can avoid the non-conservation of total number of stars;
Hence, the truncated s-tuple DFs of stars may be treated as the standard DFs, equations (3.3a) and (3.3b). The total energy of N stars of equal masses m in a star cluster has the following forms in terms of the truncated DFs
where
where φ(r ij ) is the Newtonian gravitational potential due to star j that star i feels
where G is the gravitational constant and r ij = |r i − r j | is the distance between stars i and j. In the same way as the nonconservation of total number of stars, the truncated DFs do not conserve the total energy. If one does not resort to any approximation, equation (2.16) states even the total energy of a finite star cluster must be conserved only up to order of O(1). Hence, employing the WC-star approximation or 'test-particle' method, one obtains the total energy of stars outside the Landau spheres 17b) and the self-consistent truncated m.f. potential is defined as
The corresponding truncated m.f. acceleration reads 
'Weakly-coupled' Distribution Function
To avoid the non-conservation of total-number and energy of stars described by the truncated DF, in the present section, the hard-sphere DF (Cercignani 1972) will be extended to the weakly-coupled DF of stars. Cercignani (1972) extended the Grad' truncated DF into the hard-sphere DF to derive the collisional Boltzmann equation for rarefied gases of hard-sphere particles. The hard-sphere model does not allow any particles of radii △ exist inside the other particles of radii △ in a rarefied gas; it is defined as
Following the definition of single-and double-truncated DFs, equations (2.7a) and (2.7b), the first two s-tuple hardsphere DFs explicitly read
In equation (2.21b), the hard-sphere double DF is smooth and continuous, well-defined as limit of r 12 → △ + , while it can be discontinuous as limit of r 12 → △ − . Hence, the value of the double DF at the radius r 12 = △ is defined as the limit value
On a star cluster if one assumes a strong constraint that any star can not approach any other stars closer than the Landau distance, equation (2.8) (while the maximum separation between stars is bounded by the system size), the weak-coupling approximation may be actually embodied: and the corresponding definition for the heviside funciton is uniquely determined 8 as follows
The hard-sphere DF with the condition, equation (2.24), is termed a weakly-coupled DF in the present work to isolate itself from hard-sphere DF. The weakly-coupled DF in essence corresponds with the 'Rough approximation (Takase 1950) ' of the random factor for the Holtsmanrk distribution of Newtonian force strength, meaning the relative velocity dependence between test-and a field-star will be neglected when the test star entering the Landau sphere in the present work for simplicity.
Truncation Condition for Weakly-coupled DF
The definition for weakly-coupled DF gives the thresh point (r 12 = △) a physical causality in space, i.e. a direct collision between two spheres occurs only from the outside of each sphere. One must be careful to deal with the explicit form of double or higher order of s-tuple hard-sphere DF. The double DF may be explicitly defined as 27b) where the DFs f (1, t) and f (2, t) are not exactly statistically uncorrelated since the geometrical condition assigned on the interaction range, r 12 > △, must be considered; only the DFs f (1, t) and f (2, t) are statistically independent each other. Hence,
Also, the hard-sphere DF is different from the DF, equation (2.1), in sense that the phase-space domain of truncated DF is limited always through that of integration, while hardsphere does not have domain itself in the Landau sphere.
This formulation is of significance only to hold the surface integral terms one may assume that equation (2.23) is true. Accoringly, use of equation (2.26) prohibits one to take a derivative of any product of identical step functions with respect to r 1 , r 2 and r 12 ; this may be possible at BBGKY-hierarchy level since the s-tuple DFs (inculding correlation functions) are linealy independent.
To specify the explicit form of DFs, one may employ the following form
For self-consistent relation, the total number is ∫
To hold the consistent relation between DF f (1, t) and higher orders of DF, one may consider two cases (i) approximated form of DF and (ii) exact form of weakly-coupled DF. The two cases are discussed in sections
Approximated form of weakly-coupled DF
To employ standard f (1, t), one may approximate the second term on the R.H.S of equation (2.31) to ∫
where the second terms on the R.H.S of equations are N 3 times weaker than the first term in order of magnitude. This implies one may employ the definition, equation (??), till the density of system reaches N 2n wheren is the (initial) mean density of the system. Also, one may employ standard definition for total number of stars.
(2.34)
Exact form of weakly-coupled DF
The straightforward but hard-to-accept way to employ weakly-coupled DF is to employ the following definition for total number of stars ∫
Accordingly, a correct definition for DFs for stars
This definition necessitates ones to consider change of the total number N * (r 1 , t) with time t
The obvious condition to hold the total number is the factor a 1 (r 1 , △) vanishes. This is the case when the system does not have a peculiar structure i.e. no change in density with spatial translation n(r 1 − △) ≈ n(r 1 ) on scale of the Landau radius
Also one may consider the 'conservation' of total number with space
This can vanish due to the condition (2.42).
rough approximation of randomness factor for stars entering the Landau sphere
In the present work following the rough approximation in Chandra 1941 Takase 1950 where the interaction range twobody encounter was limited and neglects the relative velocity of the stars entering the Landau sphere. If one introduces the randomness factor, following Takase1950 for a homogeneous static background, by separating the relative speed into speeds associated with deterministic two-body encounter and randomness fluctuation
where the angle θ 1 is azimuthal angle forming a cone atop which test star enter the deterministic region and at bottom which a circle of radius r o with center of a filed star. If one considers that the DF of stars with relative speeds has a Maxwellian
then one can approximate the function χ(r) to
where a B.G. is 'encounter radius Ogornogouv' above which one may consider the effect of m.f. acceleration is dominant, meaning one can assume a periodicity of orbits of stars and fluctuations in m.f. potential. What one must discuss here is "what portion of stars may be less counted if one neglects the stars feeling deterministic interaction". This can estimated by
Since the 'small' number of concern in the present work is ∼ 1 to pick up the effect of 'discreteness' at kinetic-equation level compared to f (1, t) ∼ N, the stars interacting without randomness may be put aside from the main discussion of concern. Hence use of rough approximation for randomness factor may be granted as done in chandra Takase and
which corresponding to the truncation of DF in the present work.
BBGKY hierarchies for standard, truncated and hard-sphere DFs
In a very similar way to the derivation of standard BBGKY hierarchy, the BBGKY hierarchy for the truncated sbody function can be found (refer to Appendix C, or see Cercignani (1972 Cercignani ( , 1988 ) as
where the relative velocity ij and the acceleration a i of star i due to the 'potential' force from the rest of stars are defined as
and σ ij is the normal surface vector perpendicular to the surface of the Landau sphere spanned by the radial vector △(r i − r j )/r ij around the position r j and the surface integral ∯ is taken over the surface components dσ ij . The L.H.S of equation (2.52) is the same as a standard BBGKY hierarchy except for the truncated DF, while the two terms on the R.H.S appears due to the effects of stars entering or leaving the surface of the Landau sphere; those two extra terms may turn into collisional terms Cercignani (1972) . The last term vanishes if close encounters are elastic, which is the basic assumption in the present paper while the first line of the R.H.S of equation (2.52) corresponds to the Boltzmann collision term. The order of the collision term is estimated as ∼ 1 if one assumes that relative speed between stars is order of the speed dispersion.
For the weakly-coupled DF, the contributions from the surface integral vanish; the two terms on the R.H.S of equation (2.52) vanish since any star does no exist inside the Landau sphere, i.e. equations (2.23) and (2.24) are valid. Hence, the BBGKY hierarchy for the weakly-coupled DF is
Use of the weakly-coupled DF means that the caveats is considered following the discussion in the present section; the weakly-coupled DF misses counting the effect of due to a few of stars traveling in the Landau sphere inside and the effect of strong encounters are neglected. They come into play as the same order as the ∂ t f (1, t) ∼ 1. Use of the BBGKY hierarchy, equation ??, for DFs is limited under the evaluation as follows
Equation (??) is limited only through the domain of the integrals, not DF themselves. A correct interpretation of the equation is that the relaxation process in evolution of a star cluster may be considered due to two-body encounters via truncated Newtonian acceleration till the mean density of the system reaches as high as order of ∼ Nn o at which the standard DFs can not be employed in place of the weaklycoupled DF. Lastly, in limit of △ → 0, one can retrieve a standard BBGKY hierarchy for standard DF from both equations (2.52) and (2.54)
THE GENERALIZED LANDAU EQUATION FOR THE 'WEAKLY-COUPLED' DISTRIBUTION FUNCTION OF STARS
In the present section, the weakly-coupled DFs (section ??) is employed to derive a kinetic equation to model evolutions of a 'completely weakly-coupled' star cluster in which no star can approach the other stars closer than the Landau radius r o . In section ?? the effects of truncation of phasespace volume on the collision term (relaxation time of the system) and on the m.f. acceleration (Poisson equation) are discussed.
Completely weakly-coupled stellar systems
Assume that a star cluster at the early stage of evolution may be modeled by weakly-coupled DFs for stars. The first two equations of the hierarchy, equation (2.54), for DF f 1 (1, t) and the first equation of the hierarchy for DF f 1 (2, t) respectively read 1c) where ∂ 12 = ∂ 1 −∂ 2 and the domains of DFs and the accelerations are defined only at distances r ij > △. To simplify equations (3.1a) and (3.1b), and correlation formulations can be employed. Ignoring the effect of ternary correlation function T(1, 2, 3, t) (i.e. the effect of three-body interactions, e.g. triple encounters of stars), the single-, double-and tripleDFs may be, in general, rewritten as following Mayer cluster expansion (e.g. Mayer & MG 1940; Green 1956 ) 9
where the weak-coupling approximation is employed. The important difference of star clusters from classical plasmas and ordinary neutral gases can be characterised by the effect of smallness parameter, 1/N, in equations (3.3b) and (3.3c); the parameter is not ignorable for dense star clusters 10 5 N 10 7 . By assuming the system is not gravitaitonallypolarizable, one obtains
where the lowest OoM of the terms are left with O(1) 10 and 9 The DFs and correlation functions for stars, in general, may depend on the number N as
where the normalisation condition for DFs and correlation functions follows (Liboff 1966) . 10 One may realise that the lowest order at equation level is ∼ O(1/N 2 ) due to the truncated acceleration A (2,2) /N to hold the self-consistency of the kinetic equation.
the truncated m.f. accelerations are defined as
The last six terms on the R.H.S of equation (3.4b) may be simplified, by neglecting the existence of the third star in two-body encounter between two stars of concern;
This is possible since the truncated phase-space volume of the truncated DF, equation (2.7a), for the third star contributes to equation (3.4b) only as a margin of error with
Hence, equation (3.4b) simply reduces to
Employing the method of characteristics, one obtains the correlation function from equation (3.8)
(3.10)
In the scenario for the g-Landau equation in (Kandrup 1981a) , all the stars in a star cluster are perfectly uncorrelated at the beginning of correlation time t − τ, implying that the destructive term g(1(t − τ), 2(t − τ), t − τ) vanishes at two-body DF level. To apply the same simplification for a secular evolution of the system of concern, one must necessarily consider the memory effect, that is of importance if the time duration between encounters is comparable to the correlation-time scale. The memory effect, however, may be of less significance in stellar dynamics due to the violent relaxation, short-range two-body encounters, spatial inhomogeneities and anisotropy (e.g. Saslaw 1985, pg. 34) . Hence, the destructive term on the R.H.S of equation (3.10) may vanish. One obtains the g-Landau equation with the effect of discreteness from equations (3.4a) and (3.10)
The effect of retardation in the collision term of equation (3.11) may be discussed. Since the trajectory of test star is chracterised by equation (A.28), the correlation time would be at most the free-fall time of test star under the effect of the m.f. acceleration while the shortest correlation time scale is longer than the time scale for test star to travel across a Landau sphere to hold the weak-coupling approximation; 12) meaning the non-Markovian effect on the relaxation process is less significant;
Hence, one may assume the Markovian limit 11 for the collision term for the correlation time 0 < τ ′ < t cor
Taking the limit of τ → ∞, one obtains
Employing the anti-normalization condition, equation (A.5), for the correlation function and taking a limit of △ → 0, one may retrieve the (Kandrup 1981a )'s g-Landau equation;
where the statistical acceleration can be found in the forms
The truncated g-Landau equation (3.11) is different from the g-Landau equation (3.16), not only in the domain of interaction range, but also in the form of physical quantities; the truncated-acceleration and collision term. The truncation of the phase-space volume in integrals is termed as 'the effect of discreteness' in the present work and discussed in section ??.
g-Landau equation with truncated pair-wise potential
The present section derives the g-Landau equation with completely weakly-coupled DF. To do so, one needs to modify the g-Landau equation for weakly-coupled DF. One can convert the m.f. acceleration into Also, m.f. accelerations coincides due to the condition for truncation
The collision term also must be converted The g-Landau equation with weakly-couple DF and Poisson equation reduce to
THE RELAXATION TIME AND STATISTICAL ACCELERATION
In the present section, the effects of 'weakly-coupled' DF on the relaxation time of a system modeled by equation (3.15) under homogeneous-and local-approximations
The effect of discretness on the relaxation time
To evaluate the effect of 'discreteness' on the relaxation time, assume test star follows the rectilinear motion, equation (A.27), and the encounter is local for the truncated gLandau collision term in equation (3.15), meaning the truncated Landau collision term is examined;
where the effect of non-ideality (retardation and spatial nonlocality) for the Landau collision term was neglected for simplicity. The Fourier-transform of the acceleration of star 1 due to star 2 at distances r 12 > △ is as follows 12
The same transform must be employed for a 12 (t −τ ′ ) in equation (4.1) but the time of r is fixed to t − τ ′ and the corresponding wavenumber must be exploited. It is to be noted 12 It is to be noted that the Fourier transform of the potential φ 12 typically done to find the explicit form of the Landau collision term necessitates a 'convergent factor',e −λr 12 , where λ is a vanishing low number to be taken as zero after the Fourier transform. The factor can remove singularities of (generalised) functions on complex planes and slow decays of potentials in three dimensional spaces (e.g Adkins 2013). One, however, does not need to employ the factor in the Fourier transform of the truncated acceleration, a 12 Θ(r 12 > △), and even in the corresponding inverse Fourier transform,
, is a simple task, hence it will be left for readers; one will need the following identity to find the step function
that equation (4.3b) is in essence the same as the Fourier transform of the truncated acceleration a 12 Θ(r 12 − △), meaning the corresponding acceleration of star 1 is null within the volume of the Landau sphere. This is since the existence of stars in the Landau sphere is not of concern due to the spatial locality and the effect of truncation on DF must be controlled through truncation of acceleration. In the limit of △ → 0, equation (4.3b) results in a well-known Fourier transform of acceleration or pair-wise Newtonian potential in wave kinetic theory (e.g. Chavanis 2012, Appendix C)
(4.4b)
After a proper calculation following (Chavanis 2012, Appendix C), the collisional term results in
where for expressions of the tensor ← → T , typical dyadics are exploited. Following the works (Severne & Haggerty 1976; Kandrup 1981a; Chavanis 2013) if one assumes the cut-offs k ∈ [2π/R, 2π/r o ] on each limit of the integral domain of the collision term, the factor B, equation (4.5c), explicitly reads 6) where the following indefinite integral formula (e.g. Zeidler et al. 2004 ) was employed 13 ∫ cos[αk]
It would be obvious that the lower limit of the distance r 12 , the Landau radius, can not remove the logarithmic singularity in the collision term as shown in equation (4.6). This is of course since an application of the weak-coupling approximation to the g-Landau collision term is inconsistent especially at r 12 → r o ;to avoid the singularity associated with high wavenumbers, one needs all the higher orders of weak-coupling approximation as correction to the rectilinear-motion approximation, or the trajectory of test star must follow pure Newtonian two-body problem, equation (A.25). Since the value of the parameter c in equation (A.16) is in essence a user-choice parameter, the following ideal (often-employed in wave kinetic theory) relation is assumed for simplicity The result of numerical integration of the factor B, equation (4.5c), is as follows 9) and the decrease rate of the Coulomb logarithm for different N is shown in Table 2 . It turns out, the effect of discreteness decreases the coulomb logarithm ln[N] for relatively lownumber star cluster N = 10 5 by 14.0 %, for high-number cluster N = 10 7 by 10.0 %, and (as a reference) for large galaxies N = 10 11 by 6.37%; accordingly, the corresponding relaxation times increase from typical one (that has the same physical condition but effect of discreteness) by the same factors. This result clearly concerns practitioners since the modification of the Coulomb logarithm is relatively large. For example, the Coulomb logarithm was originally underestimated by Chandrasekhar under use of neighboringencounter approximation (Chandrasekhar 1943) , meaning the order of coulomb logarithm is approximately modified by
The truncated DF pushes back the logarithm to the classical value.
relaxation time with upper limit
The result of the discreteness encourages one heuristically assign the upper bound on the interaction range too. After applying the Fourier transform of acceleration limited on
one obtains the new constant B ′ instead of B, equation (4.6),
The new terms can be calculated as follows
where γ is Euler-Mascheroni constant and the value is γ ≈ 0.5772 .To find the third equality (4.6) is employed and to find the second the following identity (e.g. Grad Reby equation 3.761) is employed The explicit form of the constant B ′ is is purely due to the nature of Newtonian force and cut-off on the spaces. One must, of course, employ the g-landau kinetic equation itself to find out the correct modification to the Coulomb logarithm due to inhomogeneity though, the above discussion well describes the effect on the logarithm of long-range nature of Newtonian force and finiteness of the system. Under the assumption of local encounter, limiting the range of encounter distance between the Landau radius and system size results in 'dominat effect' in stochastic theory, while that results in 'non-dominant effect' based on BBGKY hierarchy. The former is of significance at relaxation time scale while the latter is at secular time scale.
TRUNCATED POISSON EQUATIONS AND CORE-HALO STRUCTURE
The applicability of the truncated acceleration and potential to core-collapse problem is discussed. As discussed in section 2, they are meaningful till the mean density reaches order of N 2n , which is high enough to see the self-similar evolution. Hence, a curiosity in the present section is how no acceleration or no potential in the Landau sphere affects the m.f. acceleration and potential. Poisson equations for the m.f.-acceleration and potential are derived in section 5.1, and the truncated Poisson equations are applied a toy model for core-halo structure of a spherically symmetric cluster in sections 5.2 and 5.3.
Poisson equation for the truncated density
Utilizing the identity 
3)
The relation of the truncated m.f. acceleration with the truncated potential may be written as
(5.5)
Employing equation (5.2), the Poisson equation for the truncated potential reads 6) and in a limit of △ → 0
The standard Poisson equation for the m.f. potential of star clusters is also applicable to any star cluster at radii r 1 >> r o since the second term on the R.H.S in equation (5.7) is order of O 1/N 2 . It is to be noted that the truncated Poisson equation (5.2) or (5.6) itself shows a kind of coarse-graining on the surface of the Landau sphere through istropising the density of the system of concern at radius of △. For theoretical/numerical studies of stellar dynamics, the dynamics inside the Landau sphere may be of importance since the core size of the system of concern can mathematically reach the size of the Landau radius and the halo may have a strong inhomogeneity in density as a result of gravothemal-instability (e. g Cohn 1979; Takahashi 1995) . In this case, one can no longer employ typical Poisson equation, hence one must hold the form of the truncated Poisson equation (5.2) or (5.6). For application purpose one can rewrite the truncated Poisson equations for spherically symmetric system as follows 5.2 The effect of truncated pair-wise acceleration on density profile and m.f. acceleration
To consider the effect of truncation of the pair-wise acceleration, one may employ the following angle-averaged densitȳ
where the superscript (a) in the density means that the coarse-graining of the density originates from truncation of pair-wise acceleration, or DFs. If one assumes that the system of concern is a spherically symmetric n = n(r 1 ), as explained in Appendix ??, one can find the following reduced form of the averaged density and Poisson equation
where, for brevity, the displacement vector r 1 and m.f. acceleration A (2,2) 1 (r 1 , t) for star 1 are relplaced by r and A (a) (r, t) respectively and use of the following notations is made r > = max (r, △) and r < = min (r, △). Since the truncated DF is relevant to fine structure around the core on scale of ∼ R/N i.e. core collapse at the self-similar regime in evolution of the cluster, one may consider the following density profile as a toy model for self-similar evolution of a cluster
where α ≈ 2.23. The modified Hubble profile may not be suitable to a modeling of dense clusters though, it still can be characterized by 'core radius' r o and halo-density profile dn ch (r) dr ≈ −2.23. Especially, the profile provides one the following analytical form of the coarse-grained densitȳ
where β = α/2 − 1. In the present work, the core size is assumued r o = 1 × 10 −6 compared to the system size R = 1. Hence, one can find the relation R ∼ Nr o ∼ N△ which can be easily achieved by numerical studies. The coarse-grained density n ch (r) coincides with the asymptote of density n ch (r) on large scale (r → ∞) while it lowers density due to the averaging process on small scales as follows
The corresponding asymptotes of the truncated acceleration take
(r → 0) (5.13) Figure 1 compares the density profiles of the coarsegrainedn ch for different values of δ(≡ △/r o ). When the size of the Landau radius △ is less than or close to the core radius r o (δ ∼ 1)the density depletes in the core. If the core collapse developed well i.e. the size core is smaller than the landau distance (r o < △), the density profile spikes at r ∼ △ due to the assumption that two star can not approach closer than Landau radius. This can be well seen in figure 2 in which the ratio of the coarse-grained densityn ch (r) to raw density n(r) is taken, while the effect of discreteness does not affect the halo structure as expected.
To see effect of discreteness on the truncated m.f. acceleration, one needs to numerically integrating Poisson Figure 2 . The ratio of coarse-grained density profilen ch (r) to the fine-grained density n ch (r) for different value of δ(≡ △/r o ) equaiton (5.14a) (with B.C. A (a) (r = 0) = 0). To do so, normalize the Poisson equation for static spherically symmetric system as follows Figure 3 shows the modulo of the dimensionless m.f. accelerations for different values of δ. As expected,the depletion of the density merely results in weakening of the m.f. acceleration of stars in the core. is plotted. Since the truncated acceleration does not include the effect of the cut-off of the density due to the assumption for DF, one may employ the truncated m.f. potential whose pair-wise potential takes zero value on scales of r 12 < △ implying nonexistence of stars in the core. This is simply the case that one employs typical BBGKY hierarchy 2.55 and the g-Landau kinetic equation, (3.16), but the pairwise acceleration must be modified as follows
This modification results in Poisson equation,(5.6), for m.f. potential and one may employ the density for truncated potential
As explained in Appendix D3, the densityn (Φ) for a (quasistatic) spherical symmetric system reduces to the following expected form
where it is to be noted that the factor (r−△) takes its absolute value only as the argument of the raw density.
For the modified Hubble model, the coarse-grained density is shown in Figure 4 . The density depletes in the core if the core size is close to or larger than the Landau radius (δ ≤ △) in a similar way to the density for the truncated acceleration. The central density, however, reaches zero at the critical core radius
which can be analytically determined by the condition
If the core size smaller than the critical core size (δ > r cr ), The difference between the two description between two gLandau kinetic equations lies on the way two stars interact within the Landau sphere; one is characterised by zero pairwise acceleration and another by zero pairwise potential. The former is an approximated description for the latter. The advantage and disadvantage are summarized in Table   6 .3 The condition to hold the assumption
The failure of the m.f. acceleration A a originate from the definition for the total number ∫ f (1, t)dt = N. yet, one may take the partial derivative over the equa-tion with respect to r 1 , which results in 'Poisson equation' for total number
Hence, the 'source' of total number appears if the number densities n ( a)(r 1 , t) and n ( Φ)(r 1 , t) do not coincide with each other. Of course, it is the case when one considers there exist stars inside the Landau sphere for truncated pair-wise acceleration a △ 12 .
Comparison between two acceleration
As shown by the modified Hubble model, one can obtain the expected result by use of truncated DF; the core density is depleted meaning the stars can be found less likely in the Landau sphere centered at the origin. Typical numerical integration of FP equation takes two steps (i) FokkerPlanck step and (ii) Poisson step. Solving FP equation for the slow relaxation process can be return only fine-grained density (DF) while solving Poisson equation can return only the m.f. potential (acceleration) determined by the coarsegrained density. The depletion of the core density occurs unless the input density from the FP equation has a singular solution whose power is stronger than negative of one. As discussed in section 2, the truncated m.f. acceleration is correct only for density up to order of Nn though, it showed a depletion effect due to the truncation of the domain integral i.e. no acceleration on scales smaller than the Landau sphere. On one hand, one needs to discuss the difference between the truncated-acceleration and potentials. The truncated acceleration is an outcome based on the assumption that two stars can not approach each other closer than the Landau radius while the truncated m.f. potential is an outcome from different assumption that stars can approach limitlessly in configuration space but pairwise potential has lower cut-off on scale of the Landau radius. The both of acceleration and potential showed expected depletion of density on scales smaller than the Landau while the truncated potential prohibit developments of density; the truncated potential may be suitable to avoid an infinite density problem.
For numerical integration 7 CONCLUSION
Basic scenario for evolution of dense star clusters allows not to consider the effect of discreteness (finite N effect). Yet, fundamental free parameter is only N for ideal star clusters. In the present paper, it is clearly shown that even star clusters at self-similar epoch can be affected by the total number of stars though truncation of m.f. acceleration by assuming that star can not approach closer than the scale of Landau distance.
In section 2, the weakly-coupled DF and truncated DF were introduced to model the evolution of star clusters and the corresponding BBGKY hierarchies were derived. The lower limit of 'discreteness' fluctuations in m.f. acceleration of stars was cut-off on scale of the Landau distance. It was especially shown that the truncated DF could hold the conservation of total-number and energy of stars if one employs the weakly-coupled DF while the use of weakly-coupled DF means that one neglects the effect of strong encounters and keeps losing a few of stars in evolution of the star in relaxation evolution of star clusters.
In section 3, beginning with the BBGKY hierarchy for the weakly-coupled DF (assuming no stars can approach each other closer than the Landau radius), the gLandau equation with 'completely'-weak-coupling approximation was derived. The mathematical formulation based on the weakly-coupled DF is corresponding to a kinetic formulation of the classical works (Chandrasekhar 1943; Takase 1950) and gives a correct treatment of m.f. potential for the cut-off problem and estimatation of the loss of the stars into the Landau sphere.
In section ??, employing the simple relation between the system size and Landau radius, equation (4.8), the effect of truncated phase-space volume elements in the g-Landau collision integral term weakens typical Coulomb logarithm, ln [N] , for relatively small-number star cluster (N = 10 5 ) by 14.0 % and for relatively large-number clusters (N = 10 7 ) by 10.0 %. Another effect of discreteness appears in the Poisson equation where the truncated volume elements simply corresponds with a coarse-graining of the density of stars by isotropising the density at the Landau radius.
In later papers, the following generalization and application will be done. The 'actual' Landau distance is essentially naive to the relative speed of test star to field one, hence the distance must be correctly handled without velocity dispersion approximation. This necessitate even reapplying (Grad 1958 )'s method to velocity space, following the basic result of (Takase 1950) . The method should be also extended to a case in which the system includes the effect of the strong encounter that can be described by the surface-integral terms in equation (2.52) neglected in the present work.
APPENDIX A: BBGKY HIERARCHY FOR DISTRIBUTION FUNCTION AND SCALINGS OF PHYSICAL QUANTITIES IN STELLAR DYNAMICS
In sections A1 and A2 fundamental concepts of kinetic theory are reviewed and in section A3 a scaling of orders of the magnitudes (OoM) of physical quantities to describe a star cluster and encounters is explained. In section A4 the trajectory of test star in encounters is explained. In section ?? the logarithmic divergences in collision-and wave-kinetic theories are explained.
A1 The N-body Liouville equation
Consider a star cluster of N-'point' stars of equal masses m interacting each other purely via and r ij =| r i − r j | is the distance between star i at position r i and star j at r j . The Hamiltonian for the motions of stars in the system reads
where p i (= m i ) is the momentum of star i moving at velocity i . Assume the corresponding 6N Hamiltonian equations can be alternatively written in form of the N-body Liouville equation
where the symbols for the operators are abbreviated by
, and
The acceleration a i of star i due to the pair-wise and the Hamiltonian equation (A.1) in phase space (obviously) holds the same symmetry, meaning stars 1, · · · , N are assumed identical and indistinguishable respectively.
A2 The s-tuple distribution function and correlation function
A reduced DF of stars in a star cluster is, in general, introduced in form of s-body (joint-probability) DF
or in form of The s-tuple DF simplifies the relation of macroscopic quantities with irreducible s-body dynamical functions. For example, the total energy of the system at time t may read
where the symmetry of permutation between two phasespace points for both the Hamiltonian and the s-body DF are applied. The total energy E(t) can turn into a more physically meaningful form by introducing typical s-ary DFs to understand the effect of correlation between stars, as follows.
As proved under the weak-coupling approximation by Liboff (1965 Liboff ( , 1966 and employed by Gilbert (1968) ; Gilbert (1971) , the correlation function g(i, j, t) has the anti−normalization property for self-gravitating systems ∫
(i, j = 1, 2, or 3 with i j).
(A.5)
Employing the correlation function g(1, 2, t), the total energy, equation (A.4c), may be rewritten as
and the self-consistent gravitational m.f. potential is defined as
where the factor 1 − 1 N is also the effect of discreteness; the m.f. potential on a star is due to (N − 1)-field stars (e.g. Kandrup 1986 ). Also, the corresponding self-consistent gravitational m.f. acceleration of star 1 reads
A3 Scaling of the order of magnitudes of physical quantities Section A3.1 explains the basic scalings of physical quantities employed in the present work and in section A3.2 the scaling associated with strong two-body encounters.
A3.1 basic scalings
One needs two scaling parameters for non-divergent kinetic theory; the discreteness parameter, 1/N, and the distance r 12 between two stars (say, star 1 is test star at r 1 and star 2 is one of field stars at r 2 .). The fundamental scaling of physical quantities associated with the discreteness parameter follows the scaling employed in (Chavanis 2013, Appendix A) except for the correlation function g(1, 2, t) (equation (3.2) ). For r 12 , following the scaling of the order of magnitudes (OoM) of physical quantities for classical electron-ion plasmas (Montgomery & Tidman 1964, pg 22) , one may classify the effective distance of two-body Newtonian interaction and m.f. acceleration into the following four ranges of distance between two stars depending on the magnitude of forces due to the accelerations on test star in a star cluster system; (i) m.f.(many-body) interaction d< r 12 < R (ii) weak m.f.(many-body) interaction a BG < r 12 < d (iii) weak two-body interaction r o < r 12 < a BG (iv) strong two-body interaction 0 < r 12 < r o where R is the characteristic size of a finite star cluster (e.g. the Jeans length and tidal radius), d the average distance of stars in the system, r o the 'conventional' Landau radius (to be explained in section A3.2) and a BG the BoltzmannGrad(BG) radius. The BG radius separates the distance r 12 at which two-body encounters are dominant from those at which the effect of m.f. acceleration (many-body encounters) is dominant; a BG corresponds with the scaling of Boltzmann-Grad limit (Grad 1958) 14 . For relaxation processes in plasmas (Montgomery & Tidman 1964) , the BG radius a BG is of no essence since the fundamental mathematical formulation assumes homogeneous plasmas and the Thermodynamic limit,
where V is the system volume of plasmas. In the present work, the 'Landau radius' r 90 is newly defined as the closest spatial separation of two stars when the impact parameter of test star is equal to the Landau distance b 90 (the impact parameter to deflect test star thorough an Table A1 . A scaling of the order of magnitudes of physical quantities associated with the evolution of a star cluster that has not gone through a core-collapse. The scaling will be especially employed for a completely weakly-coupled-and weaklyinhomogeneous-star clusters in sections 3 and ?? respectively, whose density contrast is much less than the order of N . The OoM are scaled by N and r 12 except for the correlation time t cor , which needs the change in velocity, δ a = ∫ a 12 dt cor , due to Newtonian two-body interaction.
encounter by 90 o from the original direction of motion);
where 12 (−∞) is the relative speed between star 1 and star 2 before encounter. Refer to Tables A1 and A2 for the scalings of basic physical quantities and Appendix B for how some of the scalings, especially the ranges of distances, could be determined. The characteristic time scales of the relevant evolution of DFs and correlation function are defined as
A3.2 Close encounter and encounters with large-deflection angle and large-speed change
A special focus of the scaling is the Landau radius r o , equation (A.11a), since it especially depends on the relative speed between two stars. A mathematically correct treatment on the Landau distance has been discussed for Newtonian interaction (Retterer 1979; Ipser & Semenzato 1983; Shoub 1992) and Coulombian one (Chang 1992) , until then one had simplified the Landau distance by approximating the relative speed 12 to the velocity dispersion < > of the system; the 'conventional' Landau-distance, b o , and and radius, r o , are defined as
(A.14) 
Assume the dispersion speed may be determined by the Virial theorem for a finite spherical star cluster of radius of R as follows
where c is a constant and the radius R may be the Jeans length or tidal radius to hold the finiteness of the system size. Simple examples for the value of the constant c are; c = 3/5 if the system is finite and spatially homogeneous and c is order of unity if the system follows the King model (King 1966) . In the present paper, the dispersion approximation is still employed since it simplifies the scaling of the Landau distance without losing the essential property of strong encounters. Employing equations (A.13), (A.14) and (A.15), one finds the relation between the system radius and the Landau distance as follows
As discussed in (Shoub 1992) , one may separate the impact parameter b of encounter into weak-and strong-deflections following the change in speed of test star through an two-body encounter ( Figure A1 ). In general, kinds of 'strong' two-body encounter is either of large-angle ( 90 o ) deflection and large-speed ( < >) change of test star. In figure A1 , the former is described by the region below the dotted curve and the latter is described by the region below the solid curve. For mathematical convenience, (Shoub 1992) chose the speed change of < > / √ 2N (the dashdotted curve on figure A1 ) to delimit the strong-and weak-encounters at which the change in speed of test star is the same order Figure A1 . The normalised-speed-dependence of the impact parameter b for different changes of speed ∆ of test star, where
(, which can be derived from equations (A.20b) and (A.20c) without the dispersion approximation, or see equation 13 of (Shoub 1992) ). The solid curve (∆ =< >) separates encounter (scattering) events; the encounter events described by the region below the solid curve are strong encounters, while those above the curve is weak one. The dotted line separates large-angle-and small-angle deflection of star. In the present paper considering the two-body encounters are spatially-local events due to m.f. acceleration being dominant on larger scales than a BG , the local weak-and strong-encounters are defined only on the region below the horizontal-grid line of a BG . Especially, the encounters defined above the Landau distance r o are to be called distant two-body encounter and encounters below r o are close one.
of the speed change caused by a distant field star on the system-size scale via Newtonian pair-wise acceleration. (Of course one does not have to delimit the encounters since even weak deflections can be described by the Boltzmann-collision description.). However, in more realistic systems, the upper limit of impact parameter for two-body encounter is approximately the BG radius, a BG , up to which the Boltzmanncollision (collision kinetic) description may be defined. Also actual strong encounters occur only on scales smaller than b o (at most R/(c 2 N))and the slowest relative speed 12 (−∞) that causes a large change in speed is equal to the speed dispersion < >. Correspondingly, the maximum impact parameter that includes both of strong encounter and largeangle-deflection encounter is the conventional Landau distance, equation (A.13) . Hence, one may scale the maximum impact parameter as the conventional Landau distance;
(A.17) Equation (A.17) can be reasonable under the following condition. If one neglects the contribution from energetic stars faster than the escape speed of the system (≈ 2 < >), the strong-encounter is 'localized' around the velocity dispersion in relative-speed spaces. Only in this sense, one may employ a dispersion approximation for the relative speed
Following the discussion above, one may understand that choosing the conventional Landau distance b o as the maximum impact parameter of encounters and employing the dispersion approximation are to focus on each closestrong encounter that includes the effects of large-angledeflection-and strong-encounters on scales smaller than the distance b o . 15 Since the relative-speed dependence of the impact parameter may be loosely neglected, one can define the 'Knudsen number' for each close strong encounter by A.19) where the momentum-transfer cross section (e.g. McQuarrie  2000 ; Bittencourt 2004; Shevelko & Tawara 2012), σ (p) , due to the close-strong encounters and the corresponding Newtonian-'scattering' relation may be characterised respectively by 
Hence, one may consider the close-strong two-body encounter is also characterized by the discreteness parameter, 1/N. The Knudsen number K n may be understood as approximately the possibility of finding test star experiencing a close-strong encounter in the 'Landau sphere' (the sphere of radius r o around a field star) on dynamical-time scale, t dyn . In more actual situation, the Landau sphere, of course, does not correctly isolate strong encounters from weak ones; weak encounters may occur even in the Landau sphere due to the relative-speed dependence of the impact parameter. Exactly speaking, the Landau sphere must be exploited to separate close two-body encounters from distant ones, or collision kinetic description (two-body encounters) from wave one (many-body encounters). The latter helps one to understand the importance of the truncated m.f. acceleration A (r 1 , t) due to the insignificance of the m.f. acceleration on small spatial scales in the secular evolution of a finite system;
where the the scaling ∂ t f (1, t) ∼ O(1) is to be recalled.
A4 Trajectories of a test star
The complete (Lagrangian) trajectory of star i can be discussed by taking the sum of the m.f. acceleration of star i due to smooth m.f. potential force and the Newtonian pair-wise acceleration via interaction with star j;
One can approximate the complete trajectory to a simpler form in each range of distance between stars i and j, following the scaling of section A3. At distances r ij < a BG where two-body Newtonian interaction dominates the other effects, the trajectory perfectly follows a pure Newtonian two-body problem
At relatively short distances (r ij r o ), the trajectory due to a strong-close encounter may be considered as local Newtonian interaction between two stars (i.e. the Boltzmann twobody collision description if one includes the Markovian approximation)
At intermediate distances (r o << r ij a BG ), the trajectory due to two-body weak-distant encounters may take rectilinear motion local in space with weak-coupling limit
Lastly at long distances (a BG << r ij < R), the trajectory due to many-body weak-distant encounter may purely follows the motion of star under the effect of m.f. acceleration with weak-coupling limit
APPENDIX B: AN EXPLANATION FOR THE ORDER OF MAGNITUDE OF THE EFFECTIVE DISTANCE OF NEWTONIAN INTERACTION POTENTIALS
In the Appendix, the scaling of the OoM of the effective interaction range of accelerations of stars due to Newtonian potentials are explained following the ranges below; (i) m.f. (many-body) interaction a BG < r 12 < R (ii) weak two-body interaction r o < r 12 < a BG where the average distance of stars is neglected since it is not of essence in the present work. To find the discussion for the Landau radius r o , refer to section A3.2.
B1 The threshold between (i) and (ii)
The transition between ranges (i) and (ii) is the radius of encounter (Ogorodnikov 1965) , at which the order of the irregular force is compatible with that of m.f. potential force. In range (i), star 1 can be accelerated by the total of Newtonian interaction forces due to the rest of stars as follows
As assumed in (Kandrup 1981a) and Appendix ??, the acceleration due to many-body encounters (with (N − 1)-stars) may be roughly replaced by the acceleration due to the smooth self-consistent m.f. acceleration of star 1;
Some stars, however, can occasionally enter range (ii), then the main cause of acceleration of star 1 is due to the pairwise Newtonian potential, equation (2.15), from star 2
Employing the scaling G ∼ O(1/N) for fixed finite stellar masses m ∼ O(1) and fixed momenta p 1 ∼ p 2 ∼ O(1) as explained in section A3, the two accelerations are scaled as
By equating the two accelerations, equations (B.4a) and (B.4b), the threshold between m.f. (many-body) and twobody interaction forces is obtained
The size of a cluster in (i)
Assume the size of a star cluster corresponds with the Jean length. The celebrated Jeans instability (Jeans 1902 ) of a self-gravitating system may be discussed even at kineticequation level for collisionless (e.g. Binney & Tremaine 2011) and collisional (e.g. Trigger et al. 2004 ) selfgravitating systems assuming the dynamical stability condition as follows
where R is the size of the stellar system and n the average density of the system. Due to the unscreened gravitational potential, the interaction range r 12 or the wavelength of fluctuation in m.f. potential can reach the system radius R and may bring the system into an unstable state. The Jeans length occurs when the distance r 12 is compatible with the system radius R
where scalings G ∼ O(1/N) and n ∼ O(N) are taken for fixed stellar mass m ∼ O(1) and dispersion < >∼ O(1).
APPENDIX C: DERIVATION OF BBGKY HIERARCHY FOR TRUNCATED DISTRIBUTION FUNCTION
In (Cercignani 1988) , the derivation of the BBGKY hierarchy for the hard-sphere DFs was made in a mathematically strict manner, by employing the Gauss's lemma and integration-by-parts, while counting the correct patterns of combinations for the Gauss's lemma is confusing and the BBGKY hierarchy for the truncated DF is not shown explicitly. In the present section, the latter hierarchy is derived by exploiting integration-by-parts and a general Heaviside function
together with the following mathematical identity
Use of the Heaviside function Θ(r ij − △) may admit of violating a mathematical strictness in distribution theory; the product of two genralised functions may not be well-defined in the sense of distribution (e.g. Griffel 2002) , since the N-body distribution function F N (1, · · · , t) (Cercignani 1988) and the function Θ(r ij − △) are both generalised functions, while one will find its convenience of exploiting the Heaviside function to derive the (Cercignani 1972 )'s hierarchy below. First define the following term
where S(1, · · · , N, t) is any function of arguments {1, · · · , N, t}.
Following the domain, equation (2.5), of integration for the truncated DF, one may explicitly express the term as follows
C1 Truncated integral over the terms
, the pattern of subscripts of the distance r ij in equation (C.5) is simple; the number 1 ≤ i ≤ s appears only as the first letter in subscript. Hence one may separate the summation in the function S(1, · · · , N, t) into case 1: 1 ≤ i ≤ s and case 2:
The goal of the present Appendix is to reduce the term I s associated with the terms i · ∇ i F △ s (1, · · · , s, t) by repeating integral-by-parts method. For the numbers 1 ≤ i ≤ s, define the following term
Employing equation (C.3), one obtains where the first summation of terms is obtained in the same way as done for equation (C.9), but this time the functions of the displacement vector r j (associated with the latter subscript j in the distance r ij ) was differentiated. The second summation of terms on the R.H.S. in equation (C.11) vanishes if one assumes the function F i (1, · · · , i, t) approaches rapidly enough to zero at the surface of the integrals. Since the delta function in the third summation of terms links two volume integrals to a surface integral, one obtains
(1, · · · , s + 1, t)
(1, · · · , s + 2, t), (C.12) where the following relation is employed ∫
Combining the results above, equation (C.12), with the result of case 1 (1 ≤ i ≤ s) and considering the dummy integral variables, one obtains
where ij = i − j . Only the configuration space in the truncated DF must be deprived, hence the rest of treatment for the other terms in the Liouville equation is the same as for the standard BBGKY hierarchy (e.g. Lifshitz & Pitaevskii 1981; Saslaw 1985; McQuarrie 2000; Liboff 2003) , which results in equation (2.52) in terms of s-tuple DFs.
APPENDIX D: DERIVATION OF ANGLE-AVERAGED DENSITY PROFILE FOR SPHERICALLY SYMMETRIC SYSTEM
In Appendix D1, the 'one-center' density profile n(| r 1 − △r |) for spherically symmetric system is rewiritten as a functional of n(r 1 ). Then, by use of special funcitons, the derivaiotns of the formulasn (a) (r 1 ), equation ( One may rewrite the density profile n(| r 1 − △r |) in term of the density profile n(r 1 ). To do so, one can follow the method discussed in for hyperspherical harmonics (Wen & Avery 1985) and it applies to three dimensional case using Guggenbaur polynomials (The present paper slightly different defintion to directly employ spherical Bessel polynomials.). One would like to find the following form of density profile where Ω ′′ r is the solid angle of the vector r ′′ . To simplify equation (D.5), after employing the addition theorem again, use the following formula ∫ dΩ k P l r ·k P l r′ ·k = 4π 2l + 1 δ l,l ′ P l r′ ·r . where the value of integral is specified to 1/2 at r ′ = rhence, the averaged density reduces to equation (5.9b).
D3 angle-averaged density for truncated potential
D3.1 the identity 1
The present section shows the following mathematical identity 
D3.2 averaged density
Employing (D.15), the angle-averaged density for truncated potential reads 
